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Abstract

Interval routing is a space-efficient routing method for computer networks. In this pa-
per, all graphs are assumed to be planar graphs, unless specified otherwise. We have
four upper bound results in this paper. First, for D > 3, we prove the existence of
an O(D*)-IRS on arbitrary graphs whose longest path is bounded by D, where D is
the diameter not less than three. With a little modification, we can reduce the number
of labels used to O(D?) with the length of longest path being increased to (1 + «)D,
where « is any constant in (0, 1). Together with the result in Theorem 4 of [14], this
result implies an O(n%)-IRS on arbitrary graphs whose longest path is bounded by
(1 + «)D, where n is the number of nodes in the graph. It was proved in [3] that for
some non-planar graphs, there is a lower bound of gD — 1 on the longest path for
any M-IRS, M = O(#;%). Comparing these two results, we conclude that interval
routing can perform strictly better in planar graphs with D = O(k\fg). For larger di-
ameters, the difference between planar and non-planar graphs has yet to be explored.
For completeness, we also construct a 6-IRS for arbitrary graphs with D = 2.
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1 Introduction

Interval routing is a space-efficient routing method for computer networks [10, 8]. The
idea is to assign a unique node number (from a cyclicly-ordered set) to every node and
then attach a range of node numbers—called an interval label—to every outgoing link. To
route a message, the destination node number is compared against the interval labels at a
node to decide on the link to traverse next. Figure 1 gives a simple example. The figure
shows the routing path of a message that travels from Node 2 to Node 0. An interval label
of the form (p, ¢) corresponds to the range of node numbers from p to g; intervals of the
form (r) contain the single node number r. The message first takes the edge to Node 3
because 0 is contained in the interval (3,0), and then takes the edge to Node 4 because 0
is contained in (4, 0), and so on. Note that the label (3,0) represents the interval spanning
{3,4,0}. Itis obvious that O(dlogn) space is sufficient at a node, where d is the node’s
degree, and n the number of nodes. Whereas using the traditional approach, the routing
table at a node could be as large as O(nlogn). Interval routing clearly has an advantage in
terms of space, especially for networks with a relatively small degree.

The above labeling of nodes and links and the subsequent routing of messages based
on these node numbers and labels is referred to as an interval routing scheme (IRS). A valid
IRS is one that can route a message from any node to any other node.

<4,0>
4 3

[l amessage destined for Node 0
Figure 1: Example of interval routing

Interval routing is indeed a practical method. It has been adopted as the routing
method in a commercial routing chip [11], and has thus attracted a fair amount of attention
in recent years.

This paper addresses an important question concerning interval routing: given a graph
and the best IRS for the graph, what is the quality of the routing paths thus generated?
Optimal 1-label IRS’s, or simply 1-IRS’s, are known to exist for a number of well-known
graphs including the tree, the ring, and the two-dimensional mesh [10, 8, 2]. But there



are also graphs that are known to admit no optimal 1-IRS, which include the globe graph
[9]. For the class of all the graphs that do not admit an optimal 1-IRS, it is meaningful
to use more interval labels on each edge. Figure 2 shows a graph which has no optimal
1-label interval routing as proved by Fraigniaud and Gavoille in [2], but has optimal 2-
label interval routing. It is believed that the routing path will be shorter if we allow more

Figure 2. A circular-arc graph with 2 labels in each edges.

routing information in the nodes. The study of multi-label interval routing is to find a
good trade-off between routing information storage and the path lengths. However, some
lower bound results show that we need Q(,/n) labels for optimal IRS [12]. This Q(y/n)
lower bound applies even if only a necessary condition of optimality—optimal longest
paths—is considered.

Longest path analysis is another way of measuring performance. The first result on
longest path analysis is by Ruzicka [9, 13]. His result—%D — O(1)—still stands as the best
lower bound for 1-IRS after more than ten years. The length of an optimal longest path is
obviously the diameter D and so we will use it as an important parameter. Tse and Lau
extended the result to multi-label IRS, or M-IRS, and proved a lower bound of 22D —1
for M = O({¥/n), and a lower bound of %D for M = O(y/n), for any constant
d € (0,1]. The latter result directly implies the lower bound of Q(\/n).

Having studied many lower bound results, one may want to turn to upper bound
results. In this paper, we first present an O(D*)-IRS for graphs of D > 3, whose longest
path is bounded by D. This result implies that for all constant-diameter graphs, there
exists an O(1)-IRS with longest path bounded by D. However, we cannot generalize it to
non-planar graphs. A counter example is in [3]. With a little modification, we can reduce
the number of labels used to O(D?)-IRS with the length of the longest path increased to
(14a)D, where « is any constant in (0, 1) (Section 5). Together with the result in [14] which

says that there exists an (| 25 | + 1)-IRS such that the longest path is bounded by (1 + o) D,




we can directly deduce an O(n%)-IRS whose longest path is bounded by (1 + «)D. Putting
the small « aside, there is an observable gap between the lower bound Q(y/n) and the
upper bound O(n%). Further research is needed to narrow this gap. This paper does not
touch on the efficiency of any labeling algorithm. Further research on this issue is needed.
For completeness, we also construct a 6-IRS for arbitrary graphs with D = 2 in Section 6.

2 Definitions and Properties

A graph we consider for interval routing is a connected simple graph, G = (V, E'), where
V is the set of nodes and E is the set of directed edges such that (u,v) € E < (v,u) € E. In
other words, G is an undirected graph. There are n nodes in V' and each node has a unique
label from the set {0,1,...,n — 1} denoted as I'y,. The node labels are cyclicly ordered,
denotedas0 <1 < --- <n —1 < 0. We now define interval routing scheme (IRS) formally.

Definition 1 Let k& € [2,n]. For any distinct vy, ve,..., v, € {0,1,...,n — 1}, v <vg < -+ <

v if dp1, pa, . .., pp—1 such that ;:lf*lpi <nandvi; =v;+p; (modn)fori=1tok — 1.

We further define the expression u < {v,w} < x to be two simultaneous relations based
on the cyclicorder: u < v < zand u < w < x.

Definition 2 Aninterval (a,b) isthe set {a,a+1,...,b (mod n)}. The elements a, b are called
the marginal elements of the interval. In particular, (a,a) = (a) = {a}, and 0 is an empty interval.

We refer to such a set as an interval set. A set A C 'y is not an interval if and only if Aisa
proper subset of every interval set containing it.

Definition 3 Given B is an interval. A set is a sub-interval of an interval B if it is an interval
and is a subset of B. A is a proper sub-interval of B if A is a sub-interval of B and the marginal
elements of A are non-marginal elements of B.

Definition 4 Two intervals A and B are non-overlapping if AN B = 0.
Definition 5 Two intervals A and B are disjoint if A U B are not an interval.
Any two disjoint intervals are non-overlapping.

Definition 6 Let Z be the set containing every possible interval subset of I'y,.
Example:

FV - {071727374}7

T= {0,40),{1),(2),(3),(4),(0,1),(1,2),(2,3), (3,4), (4, 0),
(0,2),(1,3), (2,4), (3,0), (4,1),(0,3), (1,4), (2,0, (3,1), (4,2),(0,4) }.



Definition 7 For M > 2, let ZM be the set containing every union of A/ elements of Z.

Referring to the previous example,

T2 = TU{{0)U(2),(0) U (3),(1

) U (3), (1) U (4),(2) U (4),
(0,1) U (3),(1,2) U (4), (2,3

U

) U0),(3,4) U(1),(4,0) U(2)}.
Some unions of intervals are intervals. E.g. (0) U (1) = (0, 1), (0,1) U (4) = (4,1).
Definition 8 For any V, an node labeling function L is an one-one mapping L : V — T'y.

Definition 9 Let M > 2. An M-label edge labeling function L, is a mapping L, : E — I,

For each (u,v) € E, L.(u,v) isaunion of M intervals. We refer to each of these M intervals
as M interval labels of v on (u,v). Since the union of two non-disjoint intervals is an
interval, in other words, L. (u,v) is a union of at most M disjoint intervals.

Definition 10 An M-interval routing scheme, or M-IRS, on a graph G = (V, E) is an order pair
(L, L,) where L is a node labeling function and L, is an M-label edge labeling function such that
the following are satisfied.

e Yu,v € V, u # v, 3 asimple path u, x1, za, ...,z v in G such that L(v) € L.(u,z1) N
L.(x1,22) N...N Ly(xg,v), and

o Vu eV, if (u,v1), (u,v2) € E,and vy # vg, then L. (u,v1) N L (u,ve) = 0.
Directly from Definition 10, we have the following properties.

Property 1 (Complete) The set of interval labels for edges directed from a node « is complete. That
is, Vu € V, I'v — {L(u)} C UpyepLls(u,v).

Property 2 (Deterministic) The interval labels for edges directed from a node u are disjoint. That
is, for u # v, L(v) is contained in exactly one of these interval labels.

Property 3 (No bouncing) V(u,v) € E, Ly(u,v) N Ly(v,u) = 0.

It should be noted that these two properties are necessary but not sufficient for a valid
IRS for general graphs.



e
Figure 3. Only nodes a and ¢ are surrounded.

3 An O(D*)-IRS, for graphs of D > 3

By definition, every planar graph has a geometric representation which can be drawn on a
plane such that no two of its edges intersect [1].

Given agraph G = (V, E), |[V| = n, we choose an arbitrary geometric planar represen-
tation and use it for the discussion in this paper. We choose an arbitrary node R such that
R is not “surrounded” (Figure 3). Using BFS, we construct a spanning tree 7" rooted at R.
Assume that T has d + 1 levels, and its depths is d. Obviously, d < D.

Based on T, we are now going to label the nodes. We label the graph level by level,
anticlockwisely, using integers from 0 ton — 1. R is labeled 0. A node in level i + 1 will
be labeled with a number greater than any node in level i, where i € [0, d]. For each level,
a node visited earlier will be labeled with a smaller integer. So, the values of labels are
increasing anticlockwisely in a level. Figure 4 is an example. For simplicity, we use a node

Figure 4: Labels of the nodes. Dotted lines are fronts.

label as its identity. We modify the definitions of ancestor and descendant.

Definition 11 Given an ith-level node x, a jth-level node y, and j > <. If their distance is j — i
and all the edges accountable for the distance are geometrically within the i-th and j-th levels, y is
called an ancestor of x, and = a descendant of y.

This definition says that the ancestor-descendant relationship depends on the chosen geo-



metrical representation. Some examples are in Figure 4. Nodes 0, 1 and 3 are ancestors of
nodes 6, 17 and 18, and node 5 is an ancestor of nodes 13-16 only; however, node 3 is not
an ancestor of nodes 4, 10-12 since the path is not within their levels. The edges not in the
spanning tree are called fronds.

We are now going to label the edges. For any node u, let A, be the set of u’s descen-
dants, and B,, be the set containing node R and the nodes in the tree path (without fronds)
from R to u.

Let C, be theset V — A, — B,,. Consider the routing from u to the nodes in A,. Assume
that « is at the ith level, then we need at most d — ¢ interval labels in each down edge of u
for A,. The reason is that for each down edge (u, v) of u, {v} U A, falls into no more than
d — ¢ — 1 intervals. An example is shown in Figure 5. For B,,, we need i — 1 interval labels

dth level

Figure 5: {v} U A, fallsinto < d — i — 1 intervals.

in the up edge of u. Therefore, for routing to A, U B,,, we need at most O(D) labels in every
edge. Obviously, these routing paths are shortest paths.

Consider the last kind of routing which is from « to C,. First, we put aside the limi-
tation on the number of labels. We label the edges to use the shortest paths from u to z,
Ve e Cy,,VueV.

Definition 12 Let S(a, b) be the original shortest routing path from a to b.

If there are more than one shortest paths for S(u, z), we will apply the following rules:
R1 Vv € V, v # u, S(u,v) can form a tree rooted at u.
R2 The path must pass through the highest possible ancestor of z, if any.

R3 S(z,w) should reversely follow as many edges as possible in S(u, x), as long as R2
applies to both paths.



Note that conflict may only arise between R2 and R3, and R2 will have higher priority.

Figure 6 shows an example. In the example, |S(u,z)| = |S(x,u)| and they use totally
differentedges. S(u, ) passes through an ancestor of x, but none of w. Similarly for S(z, ).
R
O
O
X u

Figure 6: R2 overrides R3.

According to these shortest paths, we now label the edges of all nodes. We set these
interval labels in a way that no interval label contains nodes from different levels, and no
interval label contains nodes from C, as well as A, U B,. It can be done by splitting one
interval label into two. Obviously, the routing paths are no longer than D. However, the
number of labels in each edge of 7" may exceed O(D*). We then show how to reduce the
number of labels needed in each edge by relaxing some routing paths.

We divide the nodes in C,, into the left and the right part of {u} U A,, U B,,. We consider

1,right
u

Ca,nght

Figure 7: C,’s nodes are divided into left and right parts.

the Ith level of the right part. Let C."9"! be the set of nodes in the ith level of the right part
of C,, 1 € [0,d]. Similarly for CLtft, Each CL"9" forms an interval according to the node
labeling method. Figure 7 is an example. Before relaxing any routing paths, they are all
shortest paths such that all routings starting from each node form a shortest path tree, i.e.,
no two routing paths starting from a node will cross each other or touch each other at any
middle point. During (and after) path relaxation, part of this property will be conserved
as stated in the conditions in Section 4.



Theorem 1 For each v € V, and for each I € [1,d], the nodes in CL9"* will fall into at most
O(D?) interval labels in each edge of u such that all routing paths are no longer than D.

We prove Theorem 1 in Section 4. We can then apply similar arguments to C»'¢/t and
deduce Theorem 2 easily.

Theorem 2 For all graphs of D > 3, there exists an O(D*)-IRS with all routing paths no longer
than D. O

4 Proof of Theorem 1

Let X = CLm9ht, Recall that we set the initial routing paths from  to be all shortest paths.
Hence, their lengths are all bounded by D. If a routing path has never been relaxed, it is
still the original shortest path. In order to bound the interval labels, we need to relax some
of the routing paths having a length less than D. We call such a process path relaxation.

We embed the planar representation of GG into a Cartesian plane. A region in the Carte-
sian plane is a set of points surrounded by a set of edges in E. Two points are in the same
region surrounded by E’ C FE if and only if they can be connected by a line or curve which
does not touch or cross any edges in E’. If ) is a region, then ) is the complement of ),
i.e, any pointz € Yifandonlyifz ¢ ).

Definition 13 Let R(a, b) be the routing path from a to b.
For all s € V, we impose a set of invariant conditions C1 to C4 as follows:

Cl (Path format) Vt € X, t # s, if R(s,t) has never been relaxed, R(s,t) = S(s,t). If
R(s,t) has been relaxed, it will have a recursive format S(s,z)R(x,t), where S(s, x)
is a subpath of S(s, y) and y is an ancestor of ¢.

Hereafter, the expression R(s,t) = S(s,t) will refer to the first case that the routing path
has never been relaxed. Shortest routing path also refers to the same. The expression
R(s,t) = S(s,z)R(x,t) refers to the second case of C1. In this case, S(s,y)S(y, t) is called
the pseudo-path of R (s, t).

C2 (Representative) Each interval label from s to X contains a representative y € X
such that R(s,y) = S(s,y). After relaxing R(s,z), for some =z € X, the interval
label of s that contains = has a representative z € X such that R(s,z) = S(s,z) =
S(s,w)S(w, z), where w is an ancestor of x. We say R (s, z) relies on z. R(s, z) also
passes through one ancestor of each node between z and z. For each node 2’ € X if
x' is between z and z, R (s, z’) is a relaxed path relying on z.



In particular, if R(s,y) = S(s,y), R(s,y) relieson y.

Definition 14 Let R(s,x) be a path where = € X. Define G(s,z) to be the maximal interval
containing z such that V2’ € G(s,z), 2’ € X, either 2’ is one of the nodes in R(s,z), or one
ancestor of 2/ is passed through by R (s, z).

C3 If R(s,t) relies on z, G(s, t) of the un-relaxed path S(s, t) is a subset of G(s, z).

Definition 15 Vz € X, let || R (s, x)]|| be the pseudo-distance of R (s, z) such that

IS(s,x)], IfR(s,x)=S8(s,z);
|S(s,2)|, ifR(s,x)isa relaxed path relying on z.

IR (s, )l = {

C4 The number of interval labels of all edges of s does not increase.

C1, C2 and C3 govern the format of relaxed paths. Figure 8 shows two cases. For the case

@ (b)
Figure 8: Impossible cases: R(s,t) = S(s,s')R(s',t) relieson z and R(s',t) relieson 2’

(@), R(s',t) relies on 2/, implying that R(s',2') = S(s',2’) and R(s', z) relies on z’. Then,
R(s',z) # S(¢, z), implying R(s,z) # S(s,z). A contradiction to C1. For the case (b), C2
implies that R(s', z) is a relaxed path relying on 2’. However, R(s’,2) # S(s',z) implies
R(s,z) # S(s, z), which is a contradition to C1. The importance of C4 is to guarantee that
we will not increase the number of labels in any node.

For all s € V, these four conditions must be true during path relaxation. Initially, the
above conditions hold. It should be noted that if R(u,z) = u,u/,...,x, relaxing R(u, x)
does not always imply the relaxation of R(u’, z). Each routing path can be relaxed many
times, as long as the above four conditions conserve.

We show how the number of interval labels for X in any edges of u is bounded by
12D?(D + 2). For any v # u, the number of interval labels for X in any edges of v is
not increased but the content of interval labels may change. However, it is guaranteed
that any changes will not produce a routing path longer than D and will not add extra

10



interval labels to any edges. Intuitively, our aim is to settle the interval labels in u’s edges
for routing to X without adversely affecting the others.

Assume that (u, v) has v interval labels which are subsets of X, where v > 12D?(D +2).
Let the nodes x1,x2,...,z, be the representatives of these v interval labels from left to
right, respectively. Their existence is guaranteed by C2.

In each round of relaxation of routing paths, we repeat the arguments in Section 4.1
until the number of interval labels in the edge (u,v) is bounded by 12D?(D + 2).

4.1 Path Relaxation

The pre-requisite for each round of path relaxation is that 35,k € {1,...,a}, j # k, such
that R(u, z;) = S(u, z;), R(u, zx) = S(u, x1), |S(u, z;)| = |S(u, zx)| and S(u, z;) contains a
common ancestor of z;, and z;, 7. The way to achieve this pre-requisite will be discussed
in Section 4.2.

The subpath S(u, T) is a common prefix of S(u, z ;) and S(u, i ); otherwise, rule R1 will
be violated. Let the elements between z;, and z; be a1, as, .. ., a, from left to right, respec-
tively. We also let ay = z;, and a,1 = x;. 7 is also their common ancestor. Ultimately,
we will relax R(u, a,), and make it follow S(u,T)S (7, aq), Vq € [1,p]. We will do the path
relaxation of R(u, aq), Vg € [1, p], round by round. At the beginning of a round, we walk
through the nodes from z to u, exclusively and reversely along S(u, ). Suppose b is the

() (b)

Figure 9: (a) Possible paths of R(bg, a,). (b) Groups of by on {ai,az,...,ap}.

first node such that the path R(bo, a,) does not pass through z, ¢ € [1,p]. It implies that if
a node v’ lies between = and b, excluding by, R(v', ay) will pass through z, Vg € [1,p]. If
no such by exists, path relaxation has been done already.

Let us investigate the path structure of R(bg, a), Vg € [1,p]. If a relaxed path R (bo, a,)
relieson ag, B must fall in [1, p|. The reason is that according to the choice of by, 5 cannot be

1



Oorp,andif 8 ¢ [1, p|, according to C2, S(bo, ap) or S(bo, ap+1) Will be a relaxed path relying
on ag. Itis then followed by a contradiction to the pre-requisite R (b, ap) = S(bo,ao) and
R(bo, ap+1) = S(bo,ap+1). Consider an arbitrary ¢ € [1,p] such that R(bg, ay) = S(by, aq).
S(bo, aq) will not touch S(7, ap) and S(7, a,+1) (Figure 9a), otherwise, rule R1 will be vio-
lated. Among all shortest routing paths from b, to a4, ¢ € [1,p], suppose there are exactly
p' shortest routing paths. According to C2, if R(bo, ay), ¢’ € [1,p], is a relaxed path, it will
rely on anode a,, ¢" € [0,p + 1], which is the nearest on the left or right side of a,/, where
R(bo, agr) = S(bo, aqr). In other words, the set {a1,as, ..., ap} is partitioned into p’ groups
which are also disjoint intervals (Figure 9b). We say they are groups of by on {a1,...,ap}.
For each group member in a group, the routing path from b, to it relies on its group leader.

Figure 10: (a)Two possible locations of b;. (b) A pseudo-path for R (b1, a,).

If we relax S(bo, aq) to follow the path S(by,T), the new |R(bg, aq)| is the same as the
new || R (bo, aq)l|, which is |S(bo, z;)| < D. However, we could not only relax S(bg, a,) for
two reasons. First, there may exist a node b; (Figure 10) such that the new R(b1,ay) is
not in a valid format, violating C1 or C2. It should be noted that the four conditions are
conserved everywhere except at b;. We say b; objects to the relaxation of S(bg, a4). For such
cases, before we change the route for R (b, a,), we need to find another route for R (b, a,)
without passing through by. Then, we relax R (b1, a4). During this relaxation, we may need
to relax some other node a, (aq41 in Figure 10) in order to keep C4. However, there may
exist a node b, objecting to this relaxation.

We extend this idea to by, A € Z'. The path relaxation will be presented as a recursive
function Relaz(by, ap,,a,,ar,). The function is to relax the paths R(by,a,,.,) to follow
the first edge of R(bx,a,,), Vort1 € [Ix, 2], Where py & [Iy,7,]. Before calling the func-
tion, we should guarantee the existence of R(by, a,, ) which passes through the ancestors
of ay, .., Yoar1 € [Ix,7a] (Theorem 3). In implementing Relax(by,a,,,ai,,ar, ), the first

12



thing is to extract groups of b, on {a,,...,a,, }. For each group, we will find out those
bx11’S objecting to the relaxation of any paths. We will store b, in a set B in the form of
(bx+1, f,ay), where f.a, € X. We let F' be a subset of X that contains f. Then, B implic-
itly stores the information that R (b1, f) relies on a,, and by objects to the relaxation of
R(by, f). Hence, in particular, f = a, implies R(bx4+1, f) = S(bxy1, f). We partition B ac-
cording to the values of a,,—the last attribute of each element. For a particular a,,, consider
a by such that the path by 1, ..., by is the longest. Among all values of fin (byy1, f,ay)’s,
choose the ones that are farthest from a,, in both the left and the right direction. For sim-
plicity, we let the nodes between all f’s and a, be f211 ... fAt1 respectively. By C2, all

min max ’

nodes inside [f211, fA+1] are relaxed paths from by,;. Indeed, [f2F!, fA11] is a group of

min ’ J max min ’ J max

byr1 on {ay,,...,a,, } with group leader a,. We will find a path S(bx;1,a,,,,) such that
G(brt1,ap,,,) Will contain [fo!, fAHL]. Intuitively, the path will pass through the ances-

min ’ Jmax

tors of f2. ..., fA.., and the nodes in the gap, if any, between them and Upy,q- The first

in» » J max’

call in the root of the recursion tree is Relax(by, apt1, a1, ap).

Function: Relax(by,a,,,ai,,ar,), Where py,lx,ry € [1,p], [y < 7.
1. B =
2. Forall A € [I),7)]
2.1 Find all pairs (by+1|aa) such that each R(by11,aa) passes
through b, and the new R (b)+1,aa) violates C1 or C2;
2.2 Find all pairs (by+1|aa) such that each R(by+1,aa) contains
(bx+1,bx) € E and R(by, a,, ) contains (by,byy1) € E,
2.3 Put all pairs (byt+1]aa) into STACK.
3 While STACK # 0
31 Take out one (byy1|an);
3.2 If R(bys1,an) = S(brs1,an)
Store (by+1,aa,an) into B;
3.3 If R(bxt1,an) # S(bat1,an)
331 Let S(y, b)) be the longest subpath of R (b1, an)
such that R(y,an) = S(y, bx)R(bx, an);
332 bat1 ==Y,
3.33 Let R(bat1,an) relies on ay;
334 Store (byy1,an,ay) into B;
4, Partition B according to the last attributes;

Lemmal InStep 3.3.3, a, € {a;,,...,a,, } for A =0.

Proof: By C1, S(bx+1, ay) pass through by. By Step 2, aa € {a1,...,a,}. For A =0, if a, is
outside {a1,...,apy}, by C2, one of R(by,a1) and R(by,a,) must rely on a, and it violates
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the pre-requisite that both of them are shortest path. O

Lemma 2 In Step 3.3.3, assume that a,, € {ay,,...,a,, } and we can find a path S(bxy1,a,,,,)
for step 5.1.6, for A = ( — 1, V( > 1. Then, a, € {a;,,...,a,, } for the case A = .

Proof: We denote a,, as a,,,, during the execution of Relaz(b¢,a,,,ai,ar.) and a, as
the ones in its caller Rela‘%‘(bgfl,apc_l,algil,arc_l). By the algorithm, {alg, coyap ) IS be-
tween a,. and the range (7S, f$.]- In other words, a is between a,. and a,,_, since
ane_, € [frfﬁn, S | an.,, is outside the range, S(b¢,a,, ) or S(b¢,z), for some node
T € [frfﬁn, IS ax)s will rely on an..,- By assumption in the lemma statement, both shortest
paths exist. Then, it violates C2. O

5. For each partition B’

5.1 While B’ # ()

51.1 Take outa (byy1,*,a,) € B’ such that the subpath
bx+1,-- -, by IS the longest, where x means any value;

5.1.2 B" := {(bxt1, f,ay) € B'|f € F};

513 B':= B' - B",

5.14 F' o= {f|(bx41, f,ay) € B"} U{ay};

515 ML — max(F'); fA1 = min(F);

516 Find S(bxy1,a,,.,) suchthata,, , , is the nearest to
the range [/1), fovid] € Gbats apy,);

5.1.7 If a gap exists between [f211, fAtl and a,, |

5.1.7.1 Letay, ., ... ar,,,, Wherely,; <ry.1, be the nodesin

the gap which have notreliedona,, _ ,;

5.1.7.2 Relax(by i1, Qpy s 1y oy Gryyy )

5.1.8 Force R(bx,an),Vaa € [fA1 f2+1], to the first edge
Ofs(b)\-l—l’amﬂ);

6. Force R(bx,an), VA € [ly,r,], to the first edge of S(by, a,, );

Steps 2, 3 and 4 are to find a set B containing by 1’s objecting to the relaxation of R(by, an),
A € [Iy,r,]. Directly from the algorithm, we have the following two observations.

Fact1 Forall ¢ € [, A+ 1], ap & {are,- -, ar } U [foim féad- O

Fact2 For all ¢ € [1,\ + 1], there is no increase of number of interval labels in the first edge of
S(be, ap, ).

Proof: In order to keep the number of interval labels unchanged, we group two kinds of
nodes in X into the interval containing a,.. One is inside [frflin, ¢ o). Relaxation of this

max
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kind of nodes will not be objected to by others since we choose the b such that S(b¢, be_1)
is longest. The other kind is the nodes in the gap between [félin, f$..] and ap.,» Which have
not yet relied on a, . The relaxation of nodes of this kind, ranging from {a;, to a,.)}, will
be done after the return of the recursive call Relaﬂi(bc,apg,alc,arg). For those inside the

gap and have already relied on a,,, we need not handle them. Hence, the result follows. O

Lemma 3 Consider a destination aa and the set B created just after step 3. For all ¢ € [1, A + 1],
if R(b¢,an) is changed to another path without passing through &._; for all b: in B such that C1
to C4 are conserved, then no nodes in V' will object the relaxation of R (b:—1,an).

Proof: For all b¢ in B, if R(b¢, aa) is changed to another path without passing through b4
such that C1 to C4 are conserved, then b will not object to the relaxation of R(b¢_1, ana).
Now, we consider b which is not in B, but objects to the relaxation of R(b¢s—1,aa).

If R(be,an) = S(be,an), according to Step 3.1, b must be in B. So, we assume
R(be,an) # S(be,an).

Let S(y,bc—1) be the longest subpath of R(b¢,an) ending at be—;. Then, R(y,aa) is a
subpath of R(b¢,aa). If there exists another path for R(y,aa) without passing through
bs—1 such that C1 to C4 are conserved, then by the property of interval routing, there exists
another path for R (b¢, aa) without passing through b._, either. O

Step 4 divides the set B into partitions in the way that the last attributes of all elements
in each partition are the same. In Step 5, the algorithm will work on all elements in all
partitions. Step 5.1.1 takes out the farthest b); from B’. That means, in each iteration
of the while-loop, R(by41,aa) will not be a proper subpath of R(V),,,aa), for all b,
in B/, and aa in [f2F1 A1) Steps 5.1.2 to 5.1.5 provide a range [f1!, fAt1] such that

a particular by, objects to the relaxation of R(by,an), Vaa € [fAle kL], The purpose

min ’ J max

of Step 5.1.6 is to find the other paths for R(byy1,an), Yaa € [fAI1 fAF1] We need the

min ’ J max

condition [fAFL fAY] < G(byyt, ap,.,) inorder to prove the invariance of C1 and C2 (The-

orem 5). The requirement that the position of a,, ,, is the nearest or inside [fFAEL fat]]
will be useful in proving the existence of S(bx11,a,,,,) (Theorem 3). Then, we will force
R(bxr+1,aa)’s to follow the first edge of S(bx1,a,,.,). We are going to give a formal proof
on the correctness of algorithm.

Consider a particular (by, f,a,,) € B in the implementation of Relax(by, apy1,a1,ap).
There is a path R(b1,a,,) = S(bi,ay ) passing through by. Similarly, for a particular
A > 0, there is a path R(bxi1,ay, ) = S(bry1,aq,,,) Passing through b in the imple-
mentation of Relax(by,a,,,ar,,ar,), px,0x,rx € [1,p], Ix < 7y, Let S(by,ay, ), A > 1, be
these paths. By the rules R1 and R3, the paths S(bx1,a,,,,) and S(by, a,,) have either
exactly one common subpath containing by, or exactly one common node at b,. Accord-
ing to the algorithm, b, and b, are connected by a shortest path which is a subpath of
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S(bat1,as,,,). Then, there is a path S(by1,bx)S(bx,br—1) - S(b1,bo) Which connects b,
together, V¢ € [0, A + 1]. The path guarantees the existence of a touching point between
S(be,an.) and S(b¢—1, ay._, ), V¢ € [2, A + 1]. These touching points guarantee the validity
of the following definition.

Definition 16 Define P, to be an empty path ((}). Define P; to be the path S(b1, by), and ¢; = b.
Forall ¢ € [2, A + 1], define 7 to be the union of the subpath S(b¢, c¢) of S(b¢, ay. ) and the suffix
of P;_1 starting at ¢, where ¢ is defined as the chosen touching point of S(b, ;) and P such
that the suffix is shortest.

Figure 11 shows two examples.

(b)

Figure 11: Relationship between P and P11, V¢ € [1, A + 1].

Lemma 4 (Step 5.1.6) There exists S(bi, a,, ) such that (1) a,, and b; are in different regions sepa-
rated byS(bO’E)v S(E) a771 )’ and S(bOa anl); (2) [ I}nin’ fr%lax] - g(bl’ apl); and (3) {all’ ot aﬁ} -

{a1,...,ap}.

Proof: Consider the function call Relax(bg, api1,a1,a,). The nodes in [fl. . fL..] form a
group of by, whose leader is a,,. Let X and ) be the two disjoint regions, and b; be in X'
Since the boundary paths are all shortest paths and they cannot touch any of S(by, ag) and
S(bo, apt+1). Hence, ag and a,1 are in different regions. We assume that a is in X, and
then a,41 isin ). We leave the other similar case that a is in ) to the reader.

Consider R(b1,ap+1). Itis done if it touches S(bg, ), i.e., we can use a,41 as a,,. We

now consider the un-relaxed S(b1,ap+1). By R1, it cannot touch S(bg, a,, ). Obviously,
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it cuts S(T, a,, ) and passes through the ancestors of G(bo, a,, ). It must pass through the
ancestors of the nodes in [f1.., fl.x)-

min’

e Consider the case that [fL. . fl..] C G(b1,apt1). If R(b1,aps1) = S(b1,apt1), itis
done by letting a,, = ap41; otherwise, we let R(b1, ap+1) rely on a. Then, it is done
by letting a,, = a. In both cases, a;,,...,a,,, the nodes that need to rely on a,,, will
reside between a,, and a,41, exclusively. It is because we need not relax the nodes

between a,, 1 and a, inclusively.

e Consider the case that [f., , fi..] & G(b1,ap+1). There exists a node a, between a,,

min’ J max

and a1 suchthata, € G(by,a,, ) and R(by,a,) = S(b1,a,) = [flins fhax) C G(b1,a,)

Figure 12: The node q,, is a candidate for a,, if R(b1,a,) = S(b1, ap).

(Figure 12). If R(b1,a,) = S(b1,a,), it is done by letting a,, = a,; otherwise, we let
a,, = a where R(by,a,) relies on a. Obviously, a;,, ..., a,, are between a,, and a1,
exclusively.

Note that all candidates for a,, is outside X, i.e., b; and a,, are in different regions. O

Lemmab If ¢, is a node on S(b1,ay, ), and ca # bg, then G(ba,a,,) C G(c2,an, ) and a,, &
g(bQ’anz)'

Proof: The node c; is on the path S(bi,by). By R1, S(c2,a,, ) cannot touch S(ca, ay,),
except at c. Consider two regions X and ) separated by paths S(bo,z), S(z,a,,), and
S(bo,ay, ). The node a,, must reside in the same region as by, by and cy. Assuming the
contrary, and S(bz, a,,) will touch S(by,T) or S(T, ay, ). If S(b2,a,,) touches S(by, ), its
subpath S(b1, a,,) can be a better choice for Step 5.1.6, which is a contradiction because by
Fact 1, ap, & [flin, fhaxl- If S(b2,a,,) touches S(Z,a,, ), then S(bs, a,,) passes through
the ancestors of G(b1,a,,). If G(bi,a,) C G(bi,a,,), we can use S(by,a,,) as a better
choice for Step 5.1.6. If G(b1,a,,) ¢ G(b1,a,,), then there exists a node a,, between a,,

and G(b1,a,,) such that a,y & G(ba,a,,). Choose an a,, such that it is closest (next) to
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Figure 13: G(b1,a,, ) C G(b1,a,y) and a,, cannot lie between a,, and a.

G(b1,ay,). Then, R(b1,ay) = S(bi,ay) = G(b1,ay,) C G(b1,a,) (Figure 13). Therefore, if
R(b1,ay) = S(bi,a,), S(b1,a,) is a better choice for Step 5.1.6, contradicting the choice of
a,,. Consider the case R(b1,a,7) # S(bi,a,). Let R(b1,a,) rely on a. a must reside be-
tween a,, and a,,; otherwise by C2, either R (b1, a,, ) # S(b1, ay, ) Or R(b1, ap,) # S(b1, ay,).
Now, R(b1,a) = S(by,a) implies S(b1,a) is a better choice for Step 5.1.6. A contradiction.
Hence, b1, b, c2 and a,;, are in the same region.

By Lemma 4, a,, is in the opposite region as b;. Hence, a,, and a,, are also in opposite
regions. Since a,, is between a,, and a,,, there are two cases, a,, < a,, < a,, and a,, <
ap, < ay,. Consider a,, < a,, < a,. By Lemma4, a,, € [fl.., fla.] C G(b1,a,, ). From
the Definition 14, a,, € G(b1,a,,). By R1, S(b1,a,,) and S(by, a,, ) has only one segment
of contact at b;. Hence, S(b1,a,,) cannot pass through a,,, nor any of its ancestors. It
must pass through a,, or one of its ancestors in order to separate a,, and a,, in different
regions (Figure 14). If a,, & G(b1,a,,), there exists some node a’ between a,, and a,,,
which can take up the role of a,, but nearer to a,, (Figure 14). A contradiction. Hence,
an, € G(b1,ay, ), which implies G(b2, ar,) C G(ca, ay, ).

Since, by R1, S(b2, a,,) does not touch S(by,a,, ), except at by. Hence, a,, € G(b1,ay,)
implies a,,, & G(b2,ay,). O

Figure 14: Separation of a,, and a,, makes S(by, a,, ) pass a, or one of its ancestor.
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Theorem 3 (Step 5.1.6) For all ¢ € [1, A + 1], there exists S(b, a,,.) such that (1) a,, and b
are in different regions separated by S(b, 7), S(Z, ay, ), S(c¢, ay, ) and the suffix of P starting at
cei (2) [foims foax] € Glbe,ap.)i B) {a, .. ar.} C {an,...,ap}; and (4) if ccq # bo, then
3¢’ < ¢ such that cc1 isanode on S(be, ay, ), G(bct1: ane,y) C Glechrs an, ), and ay, # ay, ;.

Proof: We will prove cases (1) to (4) by induction on ¢. The base cases of (1), (2) and (3) are
done in Lemma 4. The base case of (4) is done in Lemma 5. Assume the theorem is true
for cases ¢ < A+ 1. By induction assumption (2), [fénn’ FSasl C G(b¢,ap, ), forall ¢ < A +1.
Hence, G(b1, ay, ), G(b2, an, ), - -, G(bay1, ay, ., ) are defined. Consider a particular = € [3, .
Now we prove that the theorem is true for the case ( = 7 + 1.

According to Step 5.1.6 of the algorithm, a,,. € G(br,a,,), and a,, ., is between a,, and
a,,.. Consider the path S(b, 41, a,,, ). It cannot touch S(b, a,,,. ) due to R1. It cannot touch
S(Z, ay, ) because it will imply another better choice of S(bx,a,,) (as the dotted S(by,a’)
in Figure 14). It cannot touch S(by, ) because it will violate R1 by cutting S(b,a,,) (as
S(b¢, ap.) cuts the dotted path S(7, ay,,,) in Figure 11). Hence, if a,,_,, is in different re-
gions with b, 1, S(bry1,a,,.,) must pass through a node c; in Pr, where c,1 # br
(Figure 11). In the case when c; 1 = bx, ay,,, and b4 are in the same region. The path
S(br41,cr+1) is @ subpath of Py 1.

We define o, to be some integer within the range [1, A + 1], Vi € [1, A + 1], and 0, >
Ouy & p1 > po. If e # bo, directly from Definition 16, we have a sequential view of
Pri1,

S(brt1,€0,)S(Cay s €1 )8 (Coy 13 Caps) -+ S(Coy s Cap)

where 0 < v < 7+ 1, ¢, = by, and o, = 7+ 1. Pr41 is composed of v + 1 shortest
paths. The value of v depends on the initial choice of all (shortest) routing paths. Note that
Vu € [1,v], S(co,, ¢, ) is a subpath of S(b,, ,,an, ), and S(bri1,¢s,) is a subpath of
S(brt1, g, )-

By induction assumption (4) and R1, we can easily show that the paths S(c, ,a,,, ),
S(Co,_1say,, ) S(cq,ay,, ) are structured in layers and that the path S(c,,, ay,, ) does
not touch the path S<C%' , a,%u,) (Figure 15), if p, p/ € [1,v] and p # p'.

We define X' to be a minimal region that contains the paths S(bo, ay, ), S(csy s an,, ).+,
S(¢co, , an,, ), the suffix of P starting from c,,,, and the shortestline joining a,, , ay, , - - -, ay,,
but does not contain the paths S(z, ag), S(T, ap+1), and S(by, T) excluding by. Considering
all possible positions of b1, we have the following two cases.

Op—

1. bry1isnotin X. Figure 16 and 17 show some examples.

Consider a node o’ which is outside X, and in a different region with b1, where
the region is bounded by the paths S(bo,7), S(Z,ay,, ), S(cs,.ay,,), and the suffix
of P, starting from c,,. Obviously, o’ € {ag,...,ap11}. Consider the un-relaxed
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Figure 15: The paths are organized in distinct layers.

Figure 16: b, isnotin X.

%c\) %02%01 1 a’ %"—1
bT[+1

Figure 17: b, isnotin X.
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(shortest) path from b, to a’. If it passes through by, take a” € {ag,a,11} such
that «” and b, are in different regions. We will consider the node between o’
and «”, including «” but excluding «/, and set a’ to be that node. Iteratively, we
must be able to find an «’ such that the path does not pass through bg. If it touches
S(by, ), it is done because it passes through = which is the ancestor of every node in
{a1,...,a,}. Because of R1, itcannot touch S(cy41, ay, ., ) if the last overlapping node
is before 1. If it touches S(c,,, ¢, ), p € [1,], then it cannot touch S(c,,,, ay, , )
because of R1. Then, it is “captured” by S(c,,,ay,,) and cannot reach o’ without
passing through S(z,ay, ., ). Therefore, if it does not touch S(bo, ), it must pass
through S(z, ay, ., ). f R(bry1,0’) = S(br+1,d), it satisfies (1) and (2) in the theorem
statement. Otherwise, we can choose S(br41,a”), where R(br41,a’) relieson a”. In
both cases, a’ and ar,,,, are in {ao, ..., ap+1}, which implies that q; are
within {ao, ..., ap+1}, if they exist. Hence, (3) is proved.

a1 Grpgy

2. byyqisin X. Figure 18 shows an example.

O X

Figure 18: The case for uy =v — 3, i.e., an,, and b, are in different regions.

We define X, 1 € [1,7/], to be a minimal region that contains the paths S(c,,, ay,, ),
S(CUH+1’CL770H+1)" .., S(cq, , ay,, ), the subpath of P, starting from c,,, and ending at
¢s,,» @nd the shortest line joining ay,,, ay, .., an,,, but does not contain the paths
ST, a0), S(F, ap+1), S(bo, T) (excluding bo), S(co,, an, ) - S(cgkl,a%kl), and the
suffix of P, starting from Copr- Obviously, Vu € [1,v], X, C X.

We choose the greatest p such that b, is inside &),. Note that n,,, and b, arein
different regions which are surrounded by S(bo,7), S(T, ay,, ), S(cs,,an,,) and the
suffix of P, starting at ¢, .

Consider S(br+1,ay,,). If it touches S(cs,,ay,,), it is done. If it touches neither
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S(¢q,, an,, ) NOr S(Z, ay,,), it will then either cut S(co, , ay,,) or S(es,,¢s,_ ) v <
u' < u. The former violates R1, and the latter implies that it cannot cut S(Co,_ysan,, )
due to R1 again. Then, S(br+1, ay,, ) Will cut S(z, ay, ., ) twice and violate R3. A con-
tradiction.

Therefore, S(br+1, ay,, ) Must pass through one ancestor of every node in [frel frtl),
Cases (1) and (2) are proved if we set a,,, to be Ay, - The positions of - and
ay,., imply that g, ., ar., are within {ao, ..., a,1}, if they exist. Then, case (3)

is true.

10t

Note that we have just shown the existence of a path for case (2). Actually, we will choose
the path with minimum gap size in the algorithm.

Now, we prove Case (4) of the theorem statement. We have just proved Case (3), which
is{ar, 1> ar 1} CH{a1,...,a,}. Hence, since the paths, S(c,,, ay,, ), S(co, ysan, ) -
S(¢coy,an,, ), will not touch each other, they divide the set {a,,,,...,a,.,,} into at most
v + 1 partitions which are not in the same region as b1, where the region concerned here
is bounded by S(bo, Z), S(T, ay,, ), S(¢s,, ay,, ), and the suffix of P, starting at ¢, . There
is at most one partition which is in the same region as b,,1. For this kind of nodes, we
can find a leader q,,._, and the path S(bx41,a,,.,) is in the same region as b.,:. Hence,
G(brt1,an,.,) C G(co,,an,, ). BYyRL, ay, # ay. .. Case(4)isdone.

Consider a partition which is not in the same region as b, and is bounded by S(c,, , a,,,,, ),
S(Z,a0) and S(T, ap1). The shortest path from b, to any leader element a,,_, in the par-
tition will pass through by because of R1. Then, it is out of the scope of Case (4).

Consider a partition which is not in the same region as b1 and is bounded by S(co, , ay,, )
and S(c%_l,an%_l), where 1 < p < v. The shortest path from b, to any leader ele-
ment a,, , in the partition will cut S(c,,,, cgu_l) at c;y9, because of R1. Again, due to R1,
G(cry2san, ) C G(Coprs g, ). We need to prove that an,, | 7 an,.,)- Assume the con-
trary. By R1, S(cry2,ay,.,) is a subpath of S(c,,_,, n,, ). If an,,_, is in the same region
as br11, then it is a contradiction because the partition (of {a; . ,...,a,,,}) is notin the
same region of b, 1. If O is not in the same region as b, 1, by the way that we choose
a,..,, the partition cannot include o ifa,. , = ny - Ifa,. ., # (g, s Qpryy MUSE
reside between a,,  and a,,,, exclusively, and therefore, the partition cannot include
oy either. Hence, o, # a,,..,). Case (4) is done.

If cx11 = bo, by induction assumption (3), {a;.,...,a,.} C {a1,...,a,}. Accord-
ing to the algorithm, we need to divide {q;_,...,a, } into groups, and each group has
a group leader. If a group leader a,, ., is outside the set {ai,...,a,}, by C2, R(bo,a0)
or R(bo,ap+1) Will rely on a,_,,. This is a contradiction because R(by,ag) = S(bo,ao)
and R(bg, ap+1) = R(bo,apt1). Hence, a,, ., is inside the set {ay,...,a,}, implying that
G(crt1,an,.,) C {a1,...,ap}. We then borrow the proof of Lemmas 4 and 5, and replace

an,
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b1 BY bri1, 1 BY N1, p1 BY pri1, L BY ley1, 71 BY 7rp1, ba BY by, ca bY cria, [fins fmax)
by [f™+1, f+1]. Hence, the theorem is proved. O

min ’ J max

Theorem 4 The function call Relax(bo, ap+1, a1, ap) Will terminate.

Proof: Recall that Definition 16 gives a definition for P and c¢, V¢ € [1, A+1]. We construct
a tree 7 rooted at 0. The internal nodes and leaves of 7 are from [1, XA + 1]. There are three
types of edges. The first type has only one instance (0,1). The second type has (¢, ¢),
¢ € [2,X + 1], where ¢’ is the greatest number such that 1 < {’ < ¢, ¢¢ is a node on Py_y,
and G(c¢,an.) C g(cc/,a%,). The third type has (0,¢), ¢ € [1,A + 1], where ¢ = by, and
V(" < ¢ [e¢ isanode on Pe_1] = [G(c¢, an.) & Gleers an,,)]-

The tree 7, indeed, records the recursion call chain from the call Relax(bg, api1,a1,ap)
to Relax(by, ap,,a;,,ar, ). If (is aleave, ¢ € [1, A], then the simple path from 0 to ¢ records
P¢. That means, any p # 0 on the path will imply ¢, on P.. We called this simple path
SP. By the definition of ¢¢, ¢ € [1, A + 1], in Definition 16 and Case (4) of Theorem 3, for
any p, 1 on SP, excluding 0, such that . < 4/, G(cyr, ay ) is @ proper subset of G(c,,, ay, )
because ay, ¢ G(c,,ay, ). Hence, the length of S is no more than the number of nodes
in {a1,...,ap}. Inother words, the depth of 7 is bounded by O(n).

We now want to find the bound for the degrees of each internal node. We want to prove
that for every two distinct children of a parent, (" and ¢, if ¢ = c¢, then a,,, # ay,.

Assumption 1 (For contradiction) There exists a parent in 7 with two distinct children ¢ and ¢
where ¢’ is the smallest child of its parent and ¢ is the smallest sibling of ¢ such that ¢’ < ¢ and
c¢ = c¢r, but ane, = Q.-

Without loss of generality, we choose a topmost parent satisfying Assumption 1. In other
words, ¢ is firstly added to P by S(be/, nes ), and perhaps it is re-visited many times, but
the first re-visit is by S(b¢, ay ) where a,. = ay,,.

Consider the nodes ¢’, ¢' + 1, ..., ¢Cin 7. Vu € [(',(], if ¢, = c¢, then a,, # Q-
Vi € [¢’, ], P, contains c.,. Assume for contradiction that 3; € [¢/, (] such that P, does
not contain c.,. When ¢ = ¢, appears in P, ¢ will have a greater parent than ¢’. A
contradiction. Therefore, if ¢, # ¢/, ¢, cannot be a point on P./; otherwise, P, will not
contain c¢r. In other words, 4 is a descendant of ¢’, orsome u' € [¢" + 1,u — 1], where
CM/ = CC/.

Claim: ¢’ < ¢ — 1. Reason: Since ¢’ < ¢, we assume that ¢’ = ¢ — 1. Contradiction
will be easily reached by considering that a, must be located between a,._, and a,._,,
exclusively.

Claim: ¢ — 1 is not a descendant of ¢’. Reason: Assume the contrary that  — 1 is a de-
scendant of ¢’. Recall that the node ¢, is on P._; and ane_y 7 e - By Theorem 3, b,_; and
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ap._, are in different regions which are separated by S(bo,7), S(T,an._,), S(cc-1,an._,),
and the suffix of Pc_; starting from cc_;. The node a,, (= ay,) is in different region from
bc-1. The node a,,, is in the gap between a,._, and a,_,, exclusively. Consider the path
S(be,an.) (= S(bc,ané)). It passes through b¢_; and then c; (= ¢¢/). Then, G(b¢—1,ay,,)
contains a,. _, because G(cc—1,an,_,) C G(cer, ap,, ), by the construction of 7. Hence, ay,, is
a better choice than a,,_,. Figure 19 shows an example. A contradiction. <

X

Figure 19: Interaction of two shortest paths violates R3.

Therefore, either c._; = ¢ or (—1isadescendantof . € [('+1,(—1] such thatc, = .
Hence, we have some groups of ¢~ on the minimal range on X that contains G(c, a,ng,),
Gleers1, ang )0 Gleg, ay ). Without loss of generality, we assume there is a group at the
left of G(c, an,, ). We choose the leftmost one. Suppose it is a group that contains a,,, and
¢, = c¢, Where € [¢" 4+ 1,{ —1]. Let x and 7 be the smallest and largest number in
[¢"41,¢ —1], respectively, such that V. € [, 7], G(c,, ay,) C G(cu,ay,). Obviously, i € [k, 7].

Since G(ck—1,an,_,) ¢ G(cu, ay,) but G(cx,ay,) C G(cu, ay,) and G(c,, ay,) is the left-
most group, b, is outside the region which contains G(c,, a,, ) and a,,., where the region
boundary is S(bo, Z), S(T, an,_,), S(ck—1,ay,._,), and the suffix of P,_; starting from ¢,_;.
Applying similar argument to b,, b, and b,,_; must be in different regions. Like the ar-
gument for P, there is a (not necessarily simple) path from b,,_; to b,. Suppose k < 7.
There exists a 7’ € [k,7 — 1] such that b,» and b,,,; are in different regions. The path
S(brr41,ay,,,,) cannot cut any point in P, excluding c,; otherwise, it will violate the fact
that 7' + 1 is a descendant of .. Therefore, the path S(b; 41,4, ,) has two cutting points
with either S(c,v, ay, ) Or S(cx—1,an,_,). Then, R3is violated. Therefore, Assumption 1 is
false.

Suppose k = 7 = u. We simply replace the value 7’ by 1 — 1 and 7’ + 1 by u. The above
argument will lead to the same conclusion that Assumption 1 is false.

Hence, a parent has at most O(np) = O(n?) children. It is because, firstly, for any two
of them ( and ¢’ that are distinct and such that ¢’ < ¢, we have [c; = c¢/| = [ay # ap,,].
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Figure 20: Interaction of two shortest paths violates R3.

Second, there are at most O(n) different children for each parent.
Therefore, the size of 7 is bounded by O(n?") and the recursion call Relax (b, ap+1,a1, ay)
will terminate. O

Theorem 5 After each implementation of Step 5.1.8, all conditions C1 to C4 are true.

Proof: We assume that the conditions are true before the execution of Step 5.1.8. Consider
the situation after the execution. Consider C1. We force some routing from b to follow the
first edge of a shortest path. Hence, the first part of a relaxed path is a shortest one. The
second part of a relaxed path is also a relaxed path because C1 is true before this step.

Consider C2. The relaxed path will thenrely ona,, _, if itis arepresentative; otherwise,
it can rely on the representative which the S(bx;1,a,,.,) is relying on. Hence, a represen-
tative exists. Suppose a,, ., is the representative. We deal with all nodes in [fArL At
in Step 5.1.8 and all nodes in {a;, ,,...,a,,} in Step 5.1.7.2, and hence, for all node =
in between aa and ay, ., R(by,z) will rely on a,, . Suppose a,, ., is not the representa-
tive. Let a, be the representative. By similar argument, we have for all node z in between
an and a,, ,,, R(bx,z) will rely on a,. For all node = between a,, , and a,, R(by, ) has
already relied on a,, because C2 is true before this step 5.1.8.

Consider C3. By the way to choose S(bx+1,a,,.,), itis true.

Consider C4. The interval label does not change until the step. After the step, the labels
on the edge for S(bx1,a,,,, will not increase because the new routing follows the labels
of the representative. For the other edges, if a routing is taken out, it will happen to a
representative and all its followers. That means, the whole label is taken out completely.
In that case, the number of labels decreases. O

Now, Relax(bg,ap+1,a1,a,) has been done already. In the second round, we will re-
walk through the nodes from 7 to u, exclusively, along S(u, ) reversely. If another bg
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exists, we repeat relaxation of other routing paths, until all are done. Finally the elements
in {x € X|z; <z < z;} can be grouped into one interval label in the edge (u,v). It means
that we can reduce the number of interval labels of (u,v) by at least one.

4.2 Setup for Path Relaxation

This section provides the pre-requisite for path relaxation discussed in Section 4.1.

Let w be any common ancestor of xq,x9,...,2,. Since w can be R, its existence is
guaranteed. By the definition of X, u cannot be any descendant of w, and hence, it cannot
be inside the “triangle” formed by the shortest paths from w to z, to x,,, and the virtual
horizontal bar linking all elements on that level. We call them the left boundary, right
boundary, and the bottom, respectively. Figure 21 shows an example.

right boundary

left boundary

Figure 21: Many ways to reach z;’s.

Definition 17 Given that a,b € [z1, z,], where a < b. (That means, a is on the left and b is on the
right.) The left boundary LB(a,b) is the shortest path from w to a. The right boundary RB(a,b)
is the shortest path from w to b. The bottom B(a, b) is the virtual line linking a, b and all nodes in
between.

Vi € [1,], since z; € L, (u,v), we consider S(v, z;) instead of S(u, z;). Between adjacent
x; and z;41, i € [1,v — 1], there should be an interval which does not belong to L. (u,v).
Let z; be the representative of this interval (C2). The ordering of the nodes in the B(z 1, )
IS x1, 21, %2, 22, . . . , T, from left to right. Note that Vi € [1,4],j € [1,7 — 1], S(v, z;) cannot
pass through z; because of rule R1.

Definition 18 Given a,b € [z1, 2], and a < b. A routing path S(v, z;), i € [1,9], is r-ripple in
B(a,b) if it crosses or touches B(a, b) r times and each time it passes through the ancestor of x; or
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2, or it touches x;, for some x;, 2, € [a, b], where j # i, before arriving at its destination ; which
isalso in B(a,b).

Similar definition applies to S(u, z;), i € [1,7 — 1]. The paths S(v,z4) and S(v,z¢) in
Figure 21 are 1-ripple in B(x1, z-) because they both cross or touch the bottom and S(v, x4)
passes through the ancestor of z4, S(v, z¢) touches x5 before arriving at their destinations.
S(v,z1) and S(v, z) are O-ripple in B(z, x.) because they never cross or touch the bottom
until the end. S(v, ) is also 0-ripple because it never passes through z; or any ancestors
of z; and z, where j # 2. Similar to S(v,z3). Obviously, V r-ripple paths, » < D — 1.
Intuitively, every routing path cannot have more than D — 1 ripples. Note that for the
convenience of discussion, we focus the ripples on z;’s and z;’s, which is different from
the common sense that all nodes should be concerned.

Definition 19 Given the nodes at B(a, b) and their ordering as zi, 21, z2, 22, . . . , z, from left to
right. A node z;, i € [2,v — 1] is covered above if the only way for S(u, z;) to reach z; is from
B(zi—1,z;). Itis covered below if the only way for S(u, ;) to reach z; is from LB(z;_1, z;) or
RB(zi—1,2;).

Similar definitions apply to z;’s, i € [1,v — 1].
Lemma 6 There are no more than five contiguous nodes at B(z, z,—1) being covered above.

Proof: Assume the contrary that there are five contiguous nodes being covered above.
Without loss of generality, let the nodes be x;, z;, z; 11, zi+1, Tit2, @and z; o Where i € 2,y —
3]. By rule R1, S(v,z;), S(u,2;), S(v,xit1), S(u, zit1), S(v,zi1+2), and S(u, zi+2) do not
cut/touch one another.

There are three faces. One is formed by B(z;, z;+2), S(v, z;) and S(v, z;4+1); another one
isby B(z;, zit2), S(v,x;4+1) and S(v, z;42); and the last one is by B(z;, zi1+2), S(v, z;+2) and
S(v, z;).

Consider the case that two of z;, z;+1 and z; .5 are in different faces. Without loss of
generality, we choose z; and z;+1. If u resides in the face with z;, S(u, z;11) can reach
z;+1 from the top of B(x;11,x;+2) and passes through LB(z;y1,x;y2) OFf RB(Zi41,Ti12). It
implies that z; 1 cannot be covered above (Figure 22). Similar to the case that « resides in
other positions. Hence, all of z;, z;11 and z; 5 must be in the same face.

Let F' be the face that contains z;, z;+1 and z;1o. F' is formed by the B(z;, z12), and
some of S(v,z;), S(v,xiy1), and S(v, x;42). None of the paths S(v,z;), S(v,z;+1), and
S(v, x;42) can divide F such that z;, z;11 and z; 2 are not in the same partition.

S(v, z;) must have ripple(s) in B(x;, z;1+2). Consider the contrary that S(v, x;) is 0-ripple
in B(z;, zi+2) (Figure 23). No matter whether S(v, z;11) has ripple(s), it will partition F
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Figure 22: z; and z;, 1 are in different faces. A contradiction.
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O-rippl ~——1-ripple

Figure 23: S(v, x;) is 0-ripple. A contradiction.

28



such that z; will be in different faces with z; ;. A contradiction. Hence, S(v, z;) must have
ripple(s) in B(x;, zi+2). Recall that S(v,z1) cannot divide F' which contains z;, z;+1 and
Zi+2-

Similar argument will apply to S(u, z;12) that this path cannot divide the face F’ which
contains x;, z;+1 and x; 9. Figure 24 shows an example. However, the two paths S(v,z1)
and S(u, z;12) will cut each other and violating rule R1. O

X 7 X m

ERCRUACRON N

Figure 24: S(v,z1) and S(u, z;12) cut each other. A contradiction.

By similar techniques, we can derive Lemma 7.

Lemma 7 There are no more than five contiguous nodes at Bz, zy—1) being covered below.
Lemma 8 Every node in {21, 2, 22, ..., 2,—1} is either bounded above or below.

Proof: Assume the contrary that 3z;, ¢ € [2,v — 1], such that there are two choices for
S(v,x;) (Figure 25). Consider the routing path S(u,z;—1), u should reside in the face

Figure 25: There are two choices for S(v, z;). A contradiction.

bounded by B(z;_1, z;), and the two possible S(v,z;)’s. Then, z; is un-reachable by
unless rule R1 is violated. A contradiction. Hence, z; is either covered above or below. O
Since v > 12D?(D + 2), by Lemmas 6, 7 and 8, we have at least 2D?(D + 2) pairs of
x;, z; assumed being covered above and below, respectively, where i € [2,~ — 1], without
loss of generality. For each z; belonging to these pairs, S(u, z;) can cut the S(w, z;41) (i.e.
from right) or S(w, z;) (i.e. from left). We further narrow our scope to the pairs such that all
S(u, z;)’s are from one side, say the left, and of the same length. Then, there are D(D + 2)
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pairs such that each S(u, z;) cuts S(w, z;), and all S(u, z;)’s are of the same length, where
i € [2,v — 1]. Let Z be the set containing the z;’s of these pairs, i € [1,y — 1]. If 3z;, z; € Z,
i # j, such that S(u, z;) and S(u, z;) pass through a common ancestor of z;, z;, then it is
done. We are now going to assume the contrary.

Assumption 2 (for contradiction) Vz;, z; € Z, wherei,j € [1,v—1],i # j, S(u, z;) and S(u, 2;)
do not pass through any common ancestor of z;, z;.

Consider the case that 3z; € Z such that S(u, z;) pass through the ancestors of z,,,

Zoyr +vs Zopy Where z,. € Z, 05 € [1,y — 1], 05 # i, Vj € [1,D]. |S(u,2;)| is bounded
by D obviously. Excluding « and z;, it can pass through at most D — 1 distinct ancestors
of 25y, 254, --++ Zop,- Then, there is at least two nodes z,,, z,, having a common ancestor

Z, which is passed through by S(u, z;). According to the initial choice of S(u, z,;) and
S(u, z4, ), they must both have a prefix S(u, z5); otherwise, rule R1 will be violated. Then,
itis a contradiction to our Assumption 2 by considering S(u, z,,) and S(u, z,, ). Therefore,
Vz; € Z,wherei € [1,v— 1], S(u, z;) can pass through the ancestors of at most D — 1 nodes
of Z.

Partition Z into disjoint subsets. If a subset contains exactly a node zy, first, Vz; € Z,
i # k, S(u, z;) does not pass through any ancestor of z; and second, S(u, z,) does not pass
through any ancestor of z;, Vz; € Z, i # k. If a subset Z’ contains more than one node,
first there exists one z; € Z’, such that S(u, z;) passes through the ancestors of all nodes
in Z' — {z;}; second, Vz; € Z', S(u, z;) does not pass through the ancestors of all nodes in
Z — Z';third, Vz; € Z — Z', S(u, 2;) does not pass through the ancestors of all nodes in Z".
The size of each subset is bounded by D and there are at least D + 2 disjoint subsets of Z.

Choose a node from each subset. So, we have at least D + 2 nodes, which are denoted as

ZA1s Zhgs -+ > PApyo- YVE CONSider the routing from v to their adjacentnodes zy, ., , - - -, Tap -
Recall that zy,, z),, - .., 2r,,, are covered below, and their routing paths from u must cut
S(w,zy, ), S(w,zy,),...,S(w,z5,,,), respectively. They also belong to different subsets,

and therefore, S(u, zy,) does not pass through the ancestors of 2, Vj € [1,D + 2], j # i.
Then, the routing paths S(v, 2, ), S(v,zz,), - - ., S(v, 2, , ) Must come by cutting the right
boundary—S(u, 2, ,,,) (Figure 26). There exist two paths S(v,x,,),S(v, ;) such that
they are of the same length, and S(v, x,,) passes through the ancestor of =, Tx , where
i,j € [1,D + 1]. S(Tx;,xy,) follows the tree edges down to z .. So, S(v, x,;) cannot pass
through it because x,; is covered above. S(Tx;, z,;) is also no longer than S(7y, z,) be-
cause |S(Tx;, zy,)| is the minimum distance from 7y~ to any nodes in X. Hence,

|S(’U,£C>\j)| = |8(’(),IE)\i)|
= [S(v, 73] + [S@x;, 2a,)|
S0, 75 + ST, 2]

v
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right boundary ~ D+1 routing paths

Figure 26: Vi € [1, D + 1], S(v, x),) cuts the right boundary.

Thisis a contradiction to rule R2 on S(v, ;) that the highest ancestor 7, should be passed
through. Hence, Assumption 2 is false and we have already proved the following theorem.

Theorem 6 3z, z; € Z, i # j, such that S(u, z;) and S(u, ;) pass through a common ancestor
of z;,2;. O

4.3 Main Result—Combining Path Relaxation and its Setup

Theorem 7 If there exists an edge (u,v) of u containing more than 12D%(D + 2) interval labels
for routing to X, we can reduce the number of interval labels by one in each iteration such that the
four conditions are kept true.

Proof: If we assume that at least 2D?(D + 2) pairs of x; and z; are covered above and
below, respectively, where i € [2,v — 1] (on page 29), Theorem 6 guarantees the existence
of S(u, z;) and S(u, z;) such that they pass through a common ancestor of z; and z;, where
i # j. They must go from the same edge of u, say (u,?), © # v; otherwise rule R1 will
be violated. Using the procedures of path relaxation, we can combine z;, z; and all nodes
between them into one interval label of (u,v) such that the four conditions are kept true.
Note that although these two routing paths are not going through (u,v), there is at least
one interval between z; and z; which belongs to (u,v) and is then taken out from (u, v)
after path relaxation. The number of interval labels in (u, v) is then reduced by one.

On the other hand, if we assume that at least 2D?(D + 2) pairs of z; and z; are covered
below and above, respectively, where i € [2,v — 1], we will have two paths S(u, z;) and
S(u, x;) such that they go through the edge (u, v) and pass through a common ancestor of
x; and xj, where i # j. Path relaxation will certainly reduce the number of interval labels
in (u,v) by one. O
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5 An O(D?*)-IRS, for Graphs of D > 3

Theorem 8 For all graphs of D > 3, for any constant o € (0, 1), there exists an O(D?)-IRS with
all routing paths no longer than (1 + «)D.

Proof: (Outline) Consider the BFS tree. We divide the D levels into [1] layers and each
layer contains |aD] levels. The top level of each layer is considered the anchor level. For
each node in the anchor levels, we consider it a root of a subtree of the BFS tree. The subtree
is formed by its descendents in its layers. If a node has more than one ancestor, choose the
one connected by tree edges (not by fronds).

We label the nodes in the way that the nodes inside a subtree will form a contiguous
interval. Like the previous labeling, we label the whole BFS tree layer by layer from top to
bottom, and subtree by subtree from left to right in each layer.

Consider the labeling for the edges. We use the idea of shortest path from each node
to the nodes in the anchor levels. It then follows by path relaxation and guarantee that
the path lengths to all nodes in anchor levels are bounded by D. Inside each subtree, we
follow the tree edges and use DFS labeling technique [8]. The last step is to replace an
anchor node by the nodes of its subtree in all interval labels, except the ones for routings
inside a subtree.

Each routing to a node at an anchor level takes at least D steps. Each routing to a node
at a non-anchor level will pass through the root of the corresponding subtree at an anchor
level of its layer, and takes (1 + «)D steps in total.

Each layer needs O(D?) interval labels. Totally, we need O(%3) = O(D?) interval
labels. O

6 A 6-IRS for Graphsof D =2

We follow the procedures discussed in Section 3 to find the planar representation, and label
the nodes by BFS (Figure 4), and initialize the edge labels by choosing the shortest paths.
Recall that if more than one shortest path for a routing, we will choose the one that passes
through the highest ancestor of the destination. For routing from R, two labels for each
down edge are sufficient because there are only two levels. We now consider the routing
paths from a node u # R to each level. First, u’s up edge should have a label for routing to
R.

For each ¢ € [1,2], we consider the routing to the nodes in i-th level. Vu € V — {R},
from w, there are three types of routing paths of length two.

1. The routing path passes through a node v at the i-th level.
The node v will take one label. It is because shortest path should be chosen initially.
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Figure 27: w is in the second level.

The node v divides the level into left and right parts. Consider the right part. We
want to show that at most one more label will be needed in the edge (u, v).

Suppose two labels are needed. There are two nodes x; and z5 belonging to the
two labels, respectively. Between these two labels, there is at least one node y which
disallows the two labels to combine. Figure 28 shows an example. Note that y is

Figure 28: y is between x and x».

covered below. The only way for S(u,y) is from y’s parent 3. The restriction D = 2
implies the existence of an edge (u, ). The edge (u, 7) implies that 7 is also the parent
of one of z; and z,. Contradiction to rule R2 on S(u, z1) or S(u, x2) follows.

Hence, one more label is enough for the right part, and one more label will be ex-
pected for the left. Totally, three labels for (u,v) are sufficient.

. The routing path passes through a node v at the i + 1-th level, if any.
The argument for this kind of routing path is similar to the above one, except that
the node v will not be individually considered. Hence, two labels are sufficient.

. The routing path passes through a node v at the i — 1-level.

We are going to show that one label is enough. Assume two labels in the edge (u, v)
are necessary. Let x; and z, be the nodes chosen from the two labels, respectively.
Let y be the node between z; and z, and the routing to y is not through (u,v). Ac-
cording to rule R2, the choice of the S(u, y) implies that it needs only one step from
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u to y. Figure 29 shows an example. We apply the technique of path relaxation and

Figure 29: The routing to from v’ to z; will be a contradiction.

force R(u, y) to use the edge (u, v). The length of R(u, y) is still bounded by |S(u, z1)|
or |S(u,x2)|. Suppose there is a node « such that |R(v/,y)| > D = 2 after relaxation.
When v’ and z; are in different faces, contradiction follows if we consider the rout-
ing from v/ to z1. When «’ and x5 are in the same face, contradiction follows if we
consider the routing from «’ to z5. Hence, one label is enough.

Theorem 9 For all graphs of D = 2, there exists a 6-IRS with all routing paths no longer than D.

Proof: Consider the routing paths of length two. Sum up the number of labels used in the
cases for each i € [1,2]. Item 1 implies that each of u’s outgoing edges have at least three
labels. Item 2 implies that «’s fronds and down edges have two more labels. Item 3 implies
that »’s fronds and up edges have one more label. For routing to the root, all up edges have
one more label. Totally, we need six labels. Consider the routing paths of length one. If it
is not a proper subpath of any other paths, the edge will contain one label only; otherwise,
it is discussed already in the above case. O
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